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Abstract. Let A be a commutative noetherian ring, and a an ideal in it. In 
this paper we continue the study, begun in |PSY1| , of the derived o-adic com- 
pletion and the derived o-torsion functors. Here are our results: (1) a structural 
characterization of bounded above cohomologically complete complexes; (2) the 
Cohomologically Complete Nakayama Theorem; and (3) a characterization of 
cohomologically cofinite complexes. 



0. Introduction 

Let A be a noetherian commutative ring, and let a be an ideal in it. (We do 
not assume that A is a-adically complete.) There are two operations associated to 
this data: the a-adic completion and the a-torsion. For an A-module M its a-adic 
completion is the A-module 

AJM) =M:= lim M/tfM. 

An element to G M is called an a-torsion element if a 1 to — for i ^> 0. The 
a-torsion elements form the a-torsion submodule r a (A/) of M. 

Let us denote by Mod A the category of A-modules. So we have additive functors 

A a ,r a : Mod A — > Mod A. 

The functor r o is left exact; whereas A a is neither left exact nor right exact. (Of 
course the completion functor A„ is exact on the subcategory Modf A of finitely 
generated modules.) In this paper we continue the study of questions of homological 
nature about these two functors, that was started in [PSYlj . 

The derived category of Mod^4 is denoted by D(Mod A). The derived functors 

LA ,Rr a : D(Mod A) -> D(Mod^l) 

exist. The left derived functor LA a is constructed using K-projective resolutions, 
and the right derived functor Rr a is constructed using K-injective resolutions. 

A complex M G D(ModA) is called a cohomologically a-torsion complex if 
the canonical morphism Rr a (M) — > M is an isomorphism. The complex M is 
called a cohomologically a-adically complete complex if the canonical morphism 
M — > LA a (M) is an isomorphism. We denote by D(Mod A) a _ toI and D(Mod A) a _ com 
the full subcategories of D(ModA) consisting of cohomologically a-torsion com- 
plexes and cohomologically a-adically complete complexes, respectively. These are 
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triangulated subcategories. The main result of [PSYlj is the MGM Equivalence, 
which says that the functor 

Rr a : D(ModA) a . com -> D(ModA) a . tor 

is an equivalence of triangulated categories, with quasi-inverse LA a . 

In |PSYlj we proved that a complex M is cohomologically torsion, namely it 
belongs to D(Mod A) a -tor, if and only if all of its cohomology modules H'(M) are 
torsion modules. This is false for cohomologically complete complexes - indeed, in 
Example ll.lSl we exhibit a cohomologically complete complex M such that W (M) = 
for all i ^ 0, and the module H°(M) is not a-adically complete. So the category 
D(Mod A) a _ com is quite mysterious. 

However we do have a structural characterization of the subcategory 
D~ (Mod A) a _ com of bounded above cohomologically complete complexes. The no- 
tion of a-adically projective module is recalled in Definition 11.21 The structure of 
a-adically projective modules is well-understood (see Corollary 1 1 .5[> . Let us denote 
by AdPr(A, a) the full subcategory of Mod A consisting of a-adically projective mod- 
ules. This is an additive category. There is a corresponding triangulated category 
K~(AdPr(A, a)), which is a full subcategory of K~(ModA). 

Here is the first main result of this paper. 

Theorem 0.1. Let A be a noetherian commutative ring, and a an ideal in A. The 
localization functor K(ModA) — > D(ModA) induces an equivalence of triangulated 
categories 

K-(AdPr(A, a)) D~(Mod A) a _ com . 

This is Theorem 11.141 in the body of the paper. In particular we see that a 
bounded above complex M is cohomologically complete iff it is isomorphic (in 
D(Mod A)) to a bounded above complex of adically projective modules. 

Our second main result is influenced by [KSj . For the rest of the introduction 
we assume A is a-adically complete. 

Theorem 0.2 (Cohomologically Complete Nakayama). Let A be a noetherian com- 
mutative ring, a-adically complete with respect to an ideal a, and let Aq := A/a. 
Let M G D(Mod A) a . com be such that H*(M) = for all i > 0, and E°(A ®^ M) 
is a finitely generated A^-module. Then H°(Af ) is a finitely generated A-module. 

This is Theorem l2.2l in the body of the paper. Note that in particular H°(M) is 
a-adically complete as A-module, in contrast to Example ll.181 
A consequence of Theorem 10.21 is: 

Corollary 0.3. Let M G D (Mod A) a _ com . If A <g>^ M = then M = 0. 

It is not hard to see that the category Df (Mod A) of bounded complexes with 
finitely generated cohomology modules is contained in D(Mod A) a _ com (see Propo- 
sition [3Tl|) . We denote by D b (Mod A) a _ co f the essential image of Df (Mod A) under 
the functor Rr o ; so 

D b (Mod A) a . cof c D b (Mod A)„,tor. 
The objects of D b (Mod A) 

a-cof &re called cohomologically a-adically cofinite com- 
plexes. By MGM Equivalence we have an equivalence of triangulated categories 

Rr a : D b (Modyl) -> D b (Mod A) a . coi , 
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with quasi-inverse LA a . This implies that for M G D„_ tor (Mod A) to be cohomo- 
logically cofinite it is necessary and sufficient that LA a (M) € D f (Mod A). See 
Proposition 13. 31 Yet this last condition is hard to check! 

The importance of D b (Mod A) a _ co { comes from the fact that it contains the t- 
dualizing complexes (see [A JL2j . where the notation D* is used for the category of 
cohomologically cofinite complexes) . The next theorem (which is Theorem 13.101 in 
the body of the paper, and whose proof uses Theorem ll).2|) answers a question we 
asked in 1998 in [YeT] , 

Theorem 0.4. Let A be a noetherian commutative ring, a-adically complete with 
respect to an ideal a, and let Aq := A/a. The following conditions are equivalent 
for M £D h a _ tm (Mod A): 

(i) M is cohomologically a-adically cofinite. 

(ii) For every i the A^-module Fixt l A (Ao, M) is finitely generated. 

Acknowledgments. We wish to thank Joseph Lipman, Ana Jeremias and Leo 
Alonso for helpful discussions. 

1. Structural Results for Cohomologically Complete Complexes 
In this section we assume this setup: 
Setup 1.1. A is a noetherian commutative ring, and a is an ideal in it. 

We do not assume that A is a-adically complete. We wish to gain a better 
understanding of cohomologically a-adically complete complexes. For this we recall 
some definitions and results from |Ye3j . 

Let Z be a set. We denote by F(Z, A) the set of all functions / : Z —> A. This is 
an A- module. The subset of finite support functions is denoted by Fa n (Z, A); this 
is a free A-module with basis the set {S z } z£ z of delta functions. 

Let A := A a (A), and let a :— a ■ A, an ideal of the ring A. Then a = A a (a), 
the ring A is a-adically complete and noetherian, and the homomorphism A — > A 
is flat. Given an element aei, its a-adic order is 

ord (a) := sup{i G N | a G a 1 } G N U {oo}. 

Definition 1.2. Let Z be a set. 

(1) A function / : Z — > A is called a-adically decaying if for every i £ N the set 

{z G Z | ord a (/(z)) < i} 

is finite. 

(2) The set of a-adically decaying functions / : Z — > A is called the module of 
decaying functions, and is denoted by F& ec (Z, A). 

(3) An A-module is called a-adically free if it is isomorphic to F,i ec (Z,A) for 
some set Z. 

Note that F dcc (Z, A) is an A-submodule of F(Z, A). 

Definition 1.3. An A-module P is called a-adically projective if it has these two 
properties: 

(i) P is a-adically complete. 
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(ii) Suppose M and N are a-adically complete modules, and 4> : M — > N is a 
surjection. Then any homomorphism ip : P — > N lifts to a homomorphism 
ip : P — > M; namely <fi o ip = ip. 

Theorem 1.4 ( fYe3l Section 3]). Let Z be a set. 

(1) The A-module ¥d ec (Z, A) is the a-adic completion of Ffi n (Z, A). More pre- 
cisely, there is a unique A-linear isomorphism 

F dcc {Z,A)^A a (F fin (Z 1 A)) 

that is compatible with the homomorphisms from F& n (Z, A). 

(2) The A-module F dec (Z, A) is flat and a-adically complete. 

(3) Let M be any a-adically complete A-module, and let f : Z —¥ M be any 
function. Then there is a unique A-linear homomorphism <p : F,\ CC {Z,A) — > 
M such that <p(6 z ) = f(z) for every z G Z. 

Corollary 1.5 f |Ye3l Proposition 3.13]). Let P be an A-module. Then P is a- 
adically projective if and only if it is a direct summand of some a-adically free 
module Q. 

Corollary 1.6. (1) Any a-adically projective A-module P is flat. 

(2) Any a-adically complete A-module is a quotient of an a-adically projective 
A-module. 

(3) If Q is a projective A-module then its completion P :— A a (Q) is a-adically 
projective. 

Proof. Combine Theorem 11.41 and Corollary 1 1.51 □ 
Let M = ieZ M % be a graded A-module. We define 

(1.7) inf (M ) := inf {i | M l ^ 0} £ Z U {±00} 
and 

(1.8) sup(M) := sup{i M^OjeZU {±00}. 
The amplitude of M is 

(1.9) amp(M) := sup(M) - inf(M) E N U {±00} 

(For M = this reads inf(M) = 00, sup(M) = -00 and amp(M) = -00.) Thus M 
is bounded iff amp(M) < 00. For M e D(Mod A) we write H(M) := igZ H l (M). 

Theorem 1.10. The following conditions are equivalent for M € D~(Mod A). 

(i) M is a-adically cohomologically complete. 

(ii) There is an isomorphism P = M in D~(Mod A), where P is a complex of 
a-adically free modules, and sup(P) = sup(H(M)). 

(iii) There is an isomorphism P = M in D~(Mod A), where P is a complex of 
a-adically projective modules. 

Proof, (i) =>■ (ii): We assume that M is a-adically cohomologically complete and 
nonzero. Choose a free resolution Q — > M in C~(Mod A), i.e. a quasi-isomorphism 
where Q is a complex of free modules, such that sup(Q) = sup(H(M)). This is 
standard. Let P := A a (Q), which is a complex of a-adically free modules, and 
sup(P) = sup(Q). Because Q = M in D(Mod A), Q is also a-adically cohomolog- 
ically complete, so Tq : Q — >• LA (Q) is an isomorphism in D(ModA). But Q is 
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K-projective, so LA a (Q) = A a (Q) = P. (This in fact proves that tq : Q — > P is a 
quasi-isomorphism!) We conclude that M = P in D(Modv4). 

(ii) =>■ (iii): This is trivial. 

(iii) => (i): Let P be a bounded above complex of a-adically projective modules. The 
idempotence of completion (see [Ye3, Corollary 3.6]) implies that rp : P — ► A a (P) 
is an isomorphism in C(Mod A). According to Corollarv ll.Gf 1) the complex P is PC- 
flat; therefore £p : A a (P) — > LA a (P) is an isomorphism in D(Mod A). It follows that 
Tp = £poTp is an isomorphism in D(Mod A). So P is cohomologically complete. □ 

For any M we denote by 1m the identity automorphism of M . 

Lemma 1.11. Let N be an a-adically complete A-module, and let M be any A- 
module. Then the homomorphism 

Hom(TAf,liv) : Hom A (A a (M), N) -> Hom A (M, N) 

induced by tm is bijective. 

Proof. Given <fi : M — » N consider the homomorphism 

r/oA^) :A a (M)^N. 

This operation is inverse to Houi(tm , ljv). Hence Hom(rM, lw) is bijective. □ 

Lemma 1.12. (1) Let — > P' — > P — >• P" — >• be an exact sequence, with P 
and P" a-adically projective modules. Then this sequence is split, and P' 
is also a-adically projective. 

(2) Let P be an acyclic bounded above complex of a-adically projective modules. 
Then P is null-homotopic. 

(3) Let P and Q be bounded above complexes of a-adically projective modules, 
and let <f> : P — > Q be a quasi-isomorphism. Then (f> is a homotopy equiva- 
lence. 

Proof. (1) Since both P and P" are complete, the sequence is split by property 
(ii) of Definition 11.31 And it is easy to see that a direct summand of an a-adically 
projective module is also a-adically projective. 

(2) This is like the usual proof for a complex of projectives, but using part (1) 
above. Cf. |We[ Lemma 10.4.6]. 

(3) Let L := cone(</>), the mapping cone. This is an acyclic bounded above complex 
of a-adically projective modules. By part (2) the complex L is null-homotopic; and 
hence cj> is a homotopy equivalence. □ 

Lemma 1.13. Let P be a bounded above complex of a-adically projective mod- 
ules, and let M be a complex of a-adically complete modules. Then the canonical 
morphism 

( P>M : Hom A (P,M) -4 RHom j4 (P,Af) 
in D(Mod A) is an isomorphism. 

Proof. Choose a resolution 4> : Q —> P where Q is a bounded above complex of 
projective modules. Since both P and Q are K-flat complexes, it follows that 
A a (<p) : A (Q) — > A a (P) is also a quasi-isomorphism. But rp : P — >• A a (P) is 
bijective. We get a quasi-isomorphism 

4> := Tp 1 o A a (<j)) : A a (Q) P 
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satisfying ip o tq = <j> : Q — > P. According to Lemma [1.12f 3). ip is a homotopy 
equivalence. Hence it induces a quasi-isomorphism 

Hom(V>, 1 M ) : Hom A (P, M) -> Hom A (A (Q), M). 

On the other hand, since M consists of complete modules, by Lemma Tl. Ill we see 
that the homomorphism 

Horn (tq, \ m ) ■ Hom A (A (Q), M) -> Rom A {Q, M) 

is bijective. We conclude that 

Hom(<M M ) : Hom A (P,M) -^Rom A (Q,M) 

is a quasi-isomorphism. But the homomorphism Hom((/>, 1m) represents £p,m- D 

Let us denote by AdPr(A, o) the full subcategory of Mod A consisting of a-adically 
projective modules. This is an additive category. There is a corresponding trian- 
gulated category K~(AdPr(A, a)), which is a full subcategory of K(Mod A). 

Theorem 1.14. The localization functor K(Mod A) —> D(Mod A) induces an equiv- 
alence of triangulated categories 

K-(AdPr(A, a)) D~(Mod A) a _ com . 

Proof. By Theorem I1.10[ the category D~(Mod A) a . com is the essential image of 
K~(AdPr(A, a)). And by Lemma 11.131 we see that 

H°(£p,q) : Hom K(ModA) (F, Q) -)■ Hom D(ModA) (P, Q) 

is bijective for any P, Q e K _ (AdPr(A, a)). □ 

Lemma 1.15. Let M be an a-adically complete A-module. Then there is a quasi- 
isomorphism P — > M , where P is a bounded above complex of a-adically free A- 
modules. 

Proof. First consider any a-adically complete module N . The module A is a com- 
plete metric space with respect to the a-adic metric (see |Ye31 Section 1]). Suppose 
A' is a closed A-submodule of A (not necessarily a-adically complete). Choose a 
collection {n z } ze z of elements of A', indexed by a set Z, that generates A' as an 
A-module. Consider the module ¥,\ ec (Z, A) of decaying functions with values in A 
(see |Ye31 Section 2]). According to [Ye3, Corollary 2.6] there is a homomorphism 
4> ■ Fdcc(Z, A) — > A that sends a decaying function g : Z — > A to the convergent 
series J2zez 9( z ) nz e N. Because A' is closed it follows that <f>(g) £ A'. Writing 
P := Fdec(Z, A), we have constructed a surjection <fi : P — > A'. And of course P is 
an a-adically free module. 

We now construct an a-adically free resolution of the a-adically complete module 
M. By the previous paragraph there is an a-adically free module P° and a surjection 
r\ : P° — > M . The module A := Ker(r/) is a closed submodule of the a-adically 
complete module P°. Hence there is an a-adically free module P 1 and a surjection 
P 1 A . And so on. □ 

Theorem 1.16. Let M S D(ModA) be a complex whose cohomology H(M) — 
@ igZ H l (Af ) is bounded, and all the A-modules W{M) are a-adically complete. 
Then M is cohomologically a-adically complete. 
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Proof. If amp(H(M)) = 0, then we can assume M is a single o-adically complete 
module. By the lemma above and Theorem II. 141 we see that M 6 D(Mod A) a . com . 

In general the proof is by induction on the amplitude of H(M). There are the 
smart truncation functors 

(1.17) smt >i (Af),smt :5i (M) : C(Mod A) C(ModA), 

and the related short exact sequences. See HI), pages 69-70], where the trunca- 
tions smt >l (M) and smt-'(M) are denoted by cr>i(M) and a<i(M) respectively. 
Using these truncations we get a distinguished triangle M' — > M — > M" — > 
M'[l] in D(ModA) in which H(M') and H(M") have smaller amplitudes, and 
H(M') ©H(M") ^ H(M). Thus H'(M') and H*(M") are complete modules. By 
the induction hypotheses, M' and M" are in D(Mod A) a _ com . Since D(Mod j4) a _ com 
is a triangulated subcategory of D(Mod A), it contains M too. □ 

Here is an example showing that the converse of the theorem above is false. 

Example 1.18. Let A := K [[£]], the power series ring in the variable t over a field 
K, and a := (t). As shown in |Ye3[ Example 3.20], there is a complex 

P = ( > P" 1 A P° -> -> • • • ) 

in which P _1 and P° are a-adically free A-modules (of countable rank in the adic 
sense, i.e. P- 1 = P° ~ F dcc (N,/)), H- X (P) = 0, and the module H°(P) is noi 
a-adically complete. Yet by Theorem 11.141 the complex P is cohomologically o- 
adically complete. 

We end this section with a result on the structure of the category of derived 
torsion complexes, that is analogous to Theorem ll.161 Let us denote by I nj a _ tor the 
full subcategory of Mod A consisting of a-torsion injective A-modules. This is an 
additive category. 

Lemma 1.19. Let I be an injective A-module. Then r a (/) is also an injective 
A-module. 

Proof. This is well-known: see |Hal Lemma III. 3. 2]. □ 

Proposition 1.20. Assume A is noetherian. The localization functor K(Mod A) — > 
D(ModA) induces an equivalence 

K + (lnj a . tor )^D+(ModA) a _ tor . 

Proof. The fact that this is a fully faithful functor is clear, since the complexes 
in K + (lnj a _ tor ) are K-injective. We have to prove that this functor is essentially 
surjective on objects. So take M £ D + (Mod A) a . t0 v, and let M — » I be a minimal 
injective resolution of M. We know that all the cohomology modules W(M) are a- 
torsion. By Lemma fl. 191 it follows that the injective hull of W(M) is also a-torsion. 
This implies that / belongs to K + (lnj _ tor ). □ 

2. Cohomologically Complete Nakayama 

In this section we prove a cohomologically complete version of the Nakayama 
Lemma. This is influenced by the paper [KS . Throughout this section we assume 
this: 

Setup 2.1. A is a noetherian ring, a-adically complete with respect to some ideal 
a. We write A := A/a. 
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For a graded module N, its supremum sup(-ZV) was defined in equation (|1.8|) . 

Theorem 2.2 (Cohomologically Complete Nakayama). With Setuv |2~TI let M G 
D(Mod A) a _ com be such that i := sup(H(M)) is finite, and such that IT(^4o ®^ M) 
is a finitely generated Ao-module. Then W(M) is a finitely generated A-module. 

Proof. We may assume that i — 0. According to Theorem 1 1 . 1 01 we can replace M 
with a complex P of a-adically free A- modules such that sup(P) = 0. There is an 
exact sequence of ^-modules 

p-i ^>H°(P) ->0. 

Now A <S> A M = A (g) A P in D(Mod A Q ). Let L := R a (A ® A P), so we have an 
exact sequence of ^4o- m °dules 

A ® A P- 1 A ® A P° A L -> 0. 

Choose a finite collection {p z } Z £z of elements of ^4o 'X'A P°, such that the collection 
{v(Pz)}zez generates L . Let 

O :F &n (Z,A ) -> A ® A P° 

be the homomorphism corresponding to the collection {p z }zez- Then the homo- 
morphism 

ip := (id Ao <S> d, 9 ) : (A <8> A P' 1 ) © F fin (Z, A ) -> A ®a P° 
is surjective. 

For any z E Z choose some element p z G P° lifting the element p z , and let 
9 : Ffi n (Z, A) — > P° be the corresponding homomorphism. We get a homomorphism 
of ^.-modules 

</>:= (d,fl):P- 1 ©F fia (Z s i4)->P°. 
It fits into a commutative diagram 

P- 1 8 F fln (Z, A) ^ > P° 

(A ®a P" 1 ) © F fin (Z, A ) — ^ An ®a P° , 

where p and n are the canonical surjections induced by A — > Ao- Now V>o°P = notp is 
surjective. By the complete Nakayama [Ye3[ Theorem 2.11] the homomorphism ip is 
surjective. We conclude that H°(P) is generated by the finite collection {r](p z )} ze z- 

□ 

Remark 2.3. With some extra work (cf. proof of Lemma f3 . 8[> one can prove the 
following stronger result: Let M G D _ (Mod A) a _ com and i G Z. Then rP(M) is 
finitely generated over A for all i > i iff H l (A ®\ M) is finitely generated over 
Aq for all i > io- 

Lemma 2.4 (Kiinneth Trick). Let M,N G D(ModA), and let i Q ,j G Z. Assume 
that H'(M) = and IT(iV) = for all i > i$ and j > jo- Then there is an 
isomorphism of A-modules 

H io+io ( M l ^ ^ R t r M ^ ® A jpo 

Proof. See [Ye2l Lemma 2.1]. □ 
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Corollary 2.5. Let M £ D" (Mod A) a . com . If Aq <S>\ M = then M = 0. 

Proof. Let's assume, for the sake of contradiction, that M ^ but Aq ®\ M = 0. 
Let i :— sup(H l (M)), which is an integer, since M is nonzero and bounded above. 
By Lemma 12.41 we know that 

R l (A Q ®\ M) S A ® A H*(M); 

therefore A ® A H*(M) = 0. Now Theorem |2~21 says that the A-module H*(M) is 
finitely generated. So by the usual Nakayama Lemma we conclude that W(M) = 0. 
This is a contradiction. □ 

Remark 2.6. The corollary says that the functor 

Aa®\-: D~(Mod A) ->■ D~(Mod A ) 

is conservative (in the sense of [KS, Section 1.4]; i.e. its kernel is zero). 

Let a = (ax,... ,a n ) be a generating sequence for the ideal a, and let K := 
K(A;a), the Koszul complex, which we view as a DG A-algebra. By arguments 
similar to those used in [PSY2] , one can show that the functor 

K ®\ — : D(Mod A) -> D(DGMod K) 

is conservative. If a is a regular sequence then the DG algebra homomorphism 
K — >• Aq is a quasi-isomorphism; and hence the functor Aq ®\ — is conservative on 
unbounded complexes. This was proved in [KS] in the principal case (n = 1). 

3. COHOMOLOGICALLY COFINITE COMPLEXES 

We continue with Setup I2~TI Recall that D b (Mod A) a _ com is the category of 
bounded cohomologically a-adically complete complexes. 

Proposition 3.1. The category Df (Mod A) is contained in D b (Mod A) a . com . 

Proof. Any finitely generated A-module is a-adically complete. So this is a special 
case of Theorem 11.161 □ 

Definition 3.2. A complex M £ D b (ModA) is called cohomologically a-adically 
cofinite if M = RL a (A0 for some N £ D b (Mod A). 

We denote by D b (Mod A) a _ co f the full subcategory of D b (ModA) consisting of 
cohomologically a-adically cofinite complexes. 

See Example 13.111 for an explanation of the name "cofinite". 

Here is one characterization of cohomologically a-adically cofinite complexes. 

Proposition 3.3. The following conditions are equivalent for M £ D b _ tol .(Mod A): 

(i) M is in D b (Mod A) a . co{ . 

(ii) The complex LA a (M) is in D b (Mod A). 

Proof. Let N := LA a (M). By MGM Equivalence |PSY1| Theorem 0.3] we know 
that N £ D b (Mod A) a . com , and that M = RL a (A^). Moreover, if M = Rr a (AT') for 
some other N' £ D b (Mod A) a _ com , then N' = N. Thus M £ D b (Mod A) a _ cof if and 
only if N £ D b (Mod^l). □ 

Corollary 3.4. The functor KT a induces an equivalence of triangulated categories 

D b (Mod A) -> D b (ModA) a „ cof , 

with quasi-inverse LA a . 
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Proof. Immediate from MGM Equivalence [PSY1, Theorem 0.3] and Proposition 
EOl □ 

Remark 3.5. In |AJL2|. Section 2.5] the notation for D b (Mod A) a . coi is D*. Propo- 
sition [231 is proved there. The category D b (Mod A) a _ co [ is important because it 
contains the t- dualizing complexes. 

The characterization of cohomologically a-adically cofinite complexes in Propo- 
sition [231 is not very practical, since it is very hard to compute LA a (M). Another 
characterization of the category D b (Mod A) a _ co { was proposed in [Yell Problem 5.7]; 
but at the time we could not prove that it is correct. This is solved in Theorem 
[3~TU1 below. 

Lemma 3.6. Let L,K e D b (Mod A). Assume that Fixt l A (AQ,L) o/nd H l (A') are 
finitely generated Ag-modules for all i. Then Ext^(AT, A) are finitely generated 
A-modules for all i. 

Proof. Step 1. Suppose AT is a single ^-module (sitting in degree 0). Then AT is a 
finitely generated Ao-module. Define 

M := RHom A (A , A) G D+(ModA ). 

By Hom-tensor adjunction we get 

RHom^ (AT, A) S RHom^ (AT, RHom^^.L)) = KHom Ao (K, M) 

in D + (Mod Aq). But the assumption is that M € Df"(Mod Aq); and hence we also 
have 

RRom Aa {K,M) e Df"(Mod Aq). 
This shows that Ext l A (K, L) are finitely generated A -modules. 

Step 2. Now AT is a bounded complex, and H l (AT) are finitely generated Ao-modules 
for all i. The proof is by induction on the amplitude of H(AT). The induction starts 
with amp(H(AT)) = 0, and this is covered by Step 1. If amp(H(AT)) > 0, then using 
smart truncation (as in the proof of Theorem I1.16[) we construct a distinguished 
triangle AT' -> AT -> AT" -> K'[l] in D(Mod A) where H(AT') and H(AT") have 
smaller amplitudes, and FT (AT') and IP (AT") are finitely generated Ao-modules for 
all j. By applying RHom^(— , A) to the triangle above we obtain a distinguished 
triangle 

RHom^A"", A) -4 RHom^AT, A) -> RHom j4 (AT', L) 

and hence a long exact sequence 

> Ext^(AT",A) -> Ext^(AT, L) -> Ext^(AT', A) ->■•••. 

of ^-modules. From this we conclude that Ext^(AT, A) are finitely generated (and 
a-torsion) ^-modules. □ 

Lemma 3.7. Let L e D b (Mod A) and i e Z. Assume that H l (A) = for all i > i . 
and that Ext A (Ao, A) is finitely generated over Aq for all i. Then FP°(Ao ® A A) is 
finitely generated over Aq. 

Proof. It is clear that FP° (Aq ®^ A) is an Ao-module. We have to prove that it is 
finitely generated as ^-module. 

Choose a generating sequence a — (ai, . . . , a n ) of the ideal a. Let AT := K(A, a) 
be the Koszul complex. We know that AT is a bounded complex of finitely generated 
free A-modules; the cohomologies IP (AT) are all finitely generated A -modules; they 
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vanish unless — n < i < 0; and H°(A) = Aq. Also K has the self-duality property 
A v S K[-n], where K v := Rom A (K,A). 

Let us consider the complex M := Hom^A, L). By Lemma T3.6I we know that 
W(M) are all finitely generated A- modules. But there is also an isomorphism of 
complexes M = A v ® A L. By the Kiinneth trick (Lemma 12. 4p we conclude that 

H n+i °(M) = H"(A V ) ® A U l °(L) £S E°(K) ® A H l °(A) 

^A a ® A ffo(L)^H i( »(Ao ®^ L). 

So H*° (^4o ®a is a finitely generated A-module. □ 

Lemma 3.8. Let N € D b (Mod A) a _ com . The following two conditions are equiva- 
lent: 

(i) for every j 6 Z t/ie A-module FL (iV) is finitely generated. 

(ii) .For every j £Z t/ie A -module Ext^(A , AT) is finitely generated. 

Proof, (i) =>• (ii): It suffices to prove that Ext^(Ao, A) are finitely generated A- 
modules for all j. This is standard. 

(ii) =S> (i): The converse is more difficult. Let us choose an integer ig such that 
B?(A) = for all i > iq. We are going to prove that FT (AT) is finitely generated by 
descending induction on i, starting from i = ig + 1 (which is trivial of course). So 
let's suppose that FP(A) is finitely generated for all j > z, and we shall prove that 
FP(A) is also finitely generated. 

Let us write L := smt-^A) and M := smt >I (7V) for the smart truncations of A 
at i (as in the proof of Theorem I so there is a distinguished triangle 

(3.9) LA N^M -+L[\] 

in D(Mod A). We know the following: EP(L) = and : W (N) -> W{M) is 

bijective for all j > i; and EP(M) = and W {cf>) : FP'(L) -> IF (AT) is bijective for all 
j < i. By the induction hypothesis the bounded complex M has finitely generated 
cohomologies; so by Proposition 13 . 1 1 it is cohomologically complete. Since A is also 
cohomologically complete, and D b (Mod A) a . com is a triangulated category, it follows 
that L is cohomologically complete too. 

We know from the implication "(i) =>■ (ii)", applied to M, that Ext^(Ao,M) is 
a finitely generated Ao-module for every j. The exact sequence 

Ext^Vo, M) -> Ext A (A Q , L) -> Ext^(A , AT) 

coming from (|3.9p shows that Ext^(A ,L) is also finitely generated. So according 
to Lemma 13.71 the Ao-module EP(Ao ® A L) is finitely generated. We can now 
use Theorem 12.21 to conclude that the A-module FP(L) is finitely generated. But 
FP(L) = FT (A). □ 

The main result of this section is this: 

Theorem 3.10. Assuming Setuv |2~TI let M G D b _ tor (Mod A). The following two 
conditions are equivalent: 

(i) M is cohomologically a-adically cofinite. 

(ii) For every j £ Z the A^-module Ext^(Ao, M) is finitely generated. 
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Proof. Let N :— LA a (M), so N G D b (Mod A) a . com , and according to Proposition 
Owe know that N G D b (Mod A) if and only if M G D b (Mod A) a _ co{ . In other 
words, condition (i) above is equivalent to condition (i) of Lemma 13.81 
On the other hand, since Aq = LA a (Ao), by MGM Equivalence we have 

Ext J A (A , M) £ Hom D(A) (A , A/[j]) S Hom D(j4) (A , iV[ 7 ]) S Ext J A (A , A), 

where D(A) := D(ModA). So condition (ii) above is equivalent to condition (ii) of 
Lemma 13.81 □ 

For a local ring the category D b (Mod A) a _ co{ is actually easy to describe, using 
Theorem |£TDJ 

Example 3.11. Suppose A is local and m := a is its maximal ideal. An A-module 
is called cofinite if it is artinian. We denote by Mod a _ co f A the category of cofinite 
modules. Let J(m) be an injective hull of the residue field Aq. Then J(m) is 
the only indecomposable injective torsion A- module (up to isomorphism). Matlis 
duality |Maj says that 

(3.12) Horru(-, J(m)) : Mod f A ->• Mod a _ cof A 

is a duality (contravariant equivalence). 

Let M G D b _ tor (Mod A), and let M — > I be its minimal injective resolution. The 
bounded below complex of injectives 

1 = (.-. ^ 1° ^ I 1 ^ ...) 

has this structure: J 9 = J(m)® f± ' 1 , where fi q are the Bass numbers, that in general 
could be infinite cardinals. The Bass numbers satisfy the equation 

fi q = rank fe ( OT )(Ext^(fe(m), M)), 

where fe(m) := A/m, the residue field. By Theorem 13.101 we know that M G 
D b (Mod A) a _ co f if and only if fi q < oo for all q. On the other hand, from (|3.12p we 
see that a torsion module M has finite Bass numbers if and only if it is cofinite. 
We conclude that cofinite modules are cohomologically cofinite, and the inclusion 

D b (Mod . cof ^) -4 D b (ModA) a . cof 

is an equivalence. 

Note that the module J(m) is a t-dualizing complex over A, in the sense of 
[AJL21 Section 2.5]. In Ycl, Definition 5.2] we used the name "dualizing complex" 
for "t-dualizing complex" in the adic case; but that usage is now obsolete. 
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